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The study of convective heat transfer to viscous incompressible
slip ﬂow through a channel has gained a lot of attention
because of its importance in physiological ﬂows, electronic
cooling, drying processes, heat exchangers and many more.
An appreciable number of studies have been reported on these
ﬂows under different ﬂow conditions by Hayat and his collab-
orators. For instance, Hayat et al. [1] obtained closed form
solutions of momentum and energy equations with slip and
heat transfer on the peristaltic ﬂow through an asymmetric
channel. Hayat et al. [2] investigated the slip effects on the ﬂowand heat transfer of a third grade ﬂuid past a porous plate.
More interesting result on slip ﬂow can be seen in [3–5] to men-
tion just a few. Moreover, Mehmood and Ali [6] (and refer-
ences therein) showed that the no-slip boundary condition
may not be suitable for hydrophilic ﬂows over hydrophobic
boundaries at both the micro- and nanoscale. Also in mechan-
ical engineering, partial slip can occur in a channel with a
coated or polished surface like polished artiﬁcial heart valves.
The phenomenon also common in the ﬂow of blood, paint and
foam to mention just a few.
In order to improve the cooling of electronic components
subjected to periodic cooling several investigations on oscilla-
tory ﬂow problems have been conducted. For example, Jha
and Ajibade [7–9] presented some results on the free convective
motion of a viscous incompressible ﬂuid between two periodi-
cally heated inﬁnite vertical parallel plates. In all the studies in
[7–9], the effects of velocity slip and temperature jump were
neglected by assuming that the ﬂuid velocity is zero relative
to the solid boundary. However, with the inﬂux of microelec-
tronic devices over the last few years, all these studies may not
Nomenclature
t0 time
u0 velocity
v0 constant horizontal velocity
q ﬂuid density
m kinematic viscosity
rT is the thermal accommodation coefﬁcient
k is the molecular mean free path
n is the tangent momentum accommodation coefﬁ-
cient intensity
g gravitational acceleration
b volumetric expansion
Cp is the speciﬁc heat capacity at constant pressure
Q is the term due to internal heat generation
k represents the thermal conductivity
/ is the speciﬁc heat ratio
T ﬂuid temperature
T0;T1 and T2 referenced ﬂuid temperature respectively
kn is the Knudsen number
St is the Strouhal number
s is the suction/injection parameter
Pr is the Prandtl number
d is the heat generating parameter
c is the Navier slip parameter
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generated within the high performance electronic devices.
According to Dharaiya and Kandlikar [10], Hung and Ru
[11] micro-channels are the most efﬁcient way of high heat ﬂux
removal from small areas.
It is known that for ﬂows through a micro-channel, kn ¼ 0
represents the no slip condition and kn < 0:001 is valid for con-
tinuum ﬂow while 0:001 < kn < 0:1 is the slip regime which
can be modelled using the Navier stokes equation taking the
slip velocity and temperature jump into consideration for accu-
rate results. Motivated by Zheng et al. [12], the main objective
of this paper was to investigate the combined effects of partial
slip and temperature jump on the free convective ﬂow of heat
generating and absorbing ﬂuid through a micro-channel
thereby extending the work done in [8] to a micro-channel.
More details on velocity slip and temperature jump can be
found in the work by Haddad et al. [13,14], Hooman et al.
[15], Chen [16] and Aziz [17].
To achieve this objective, the problem is formulated and the
dimensionless analysis is performed in the Section 2 of the
paper. Based on the oscillatory nature of the ﬂow, exact solu-
tion of the problem is presented. It is interesting to note that
when velocity slip and temperature jump are neglected in the
present problem, the result coincides with what is obtained
in [8]. The real part of the results is presented and discussed
in Section 4 of the paper while Section 5 concludes the work.
2. Mathematical analysis
Consider the laminar free convective ﬂow of a viscous incom-
pressible heat generating/absorbing ﬂuid in a vertical channel
due to heating of the porous channel plates with slip and tem-
perature jump at the lower wall. The micro-channel walls are
taken vertically and parallel to the x-axis at y=±h. It is
assumed that on one plate (y= h), ﬂuid is injected into the
channel with certain constant velocity ðv0Þ and that it is sucked
off from the other plate (y= h) at the same rate (see Fig. 1).
It is further assumed that interfacial interaction between the
gas molecules and the surface atoms exists. In other words,
the gas molecules are assumed to interact with the surface of
the solid via a long range attractive force. As a result of this
interaction, the gas molecules can be adsorbed onto the surface
which are then reﬂected after some time lag. This time lag leadsto macroscopic velocity slip and temperature jump [17]. The
ﬂow is induced by the periodic heating introduced on both
walls. The governing equations for the fully developed ﬂow
and heat transfer can be written as [8]:
@u0
@t0  v0 @u
0
@y0 ¼ m @
2u0
@y02 þ gbðT T0Þ
@T
@t0  v0 @T@y0 ¼ kqCp @
2T
@y02 þ QqCp ðT0  TÞ
9=
; ð1Þ
together with appropriate initial condition
u0ðt0; y0Þ ¼ 0; Tðt0; y0Þ ¼ T0 t0 ¼ 0 ð2Þ
For rareﬁed ﬂow with temperature jump, the appropriate
initial-boundary conditions can be written as [8,12 and 17]
u0ðt0; y0Þ ¼ 2 n
n
k
du0
dy0
;
Tðy0; t0Þ ¼ T1 þ T2CosðxtÞ þ 2 rTrT
2/
/þ 1
k
Pr
dT
dy0
;
y0 ¼ h t0 > 0 ð3Þ
and the non-moving wall and isothermal condition give
u0ðt0; y0Þ ¼ 0; Tðy0; t0Þ ¼ T1 þ T2CosðxtÞ y0 ¼ h t0 > 0
ð4ÞFigure 1 Channel geometry.
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and temperature into steady and unsteady part respectively.
u0ðt; yÞ ¼ gbh2m ððT1  T0ÞAðyÞ þ T2BðyÞeiwtÞ
Tðt; yÞ ¼ T0 þ ðT1  T0ÞFðyÞ þ T2GðyÞeixt
)
ð5Þ
together with the following dimensionless quantities and
variables
y ¼ y0
h
; St ¼ h2xm ; Pr ¼ lCpk ; s ¼ hV0m
d ¼ Q0h2
k
; kn ¼ kh 2rTrT
 
2/
/þ1 ; c ¼ ð2nÞknh
ð6Þ
gives
iStT2BðyÞeiwt  ðT1  T0ÞsA0ðyÞ  T2sB0ðyÞeiwt
¼ ðT1  T0ÞA00ðyÞ þ T2B00ðyÞeiwt þ ðT1  T0ÞFðyÞ
þ T2GðyÞeixt ð7Þ
and
iPrStT2GðyÞeixt  ðT1  T0ÞsPrF0ðyÞ  T2sPrG0ðyÞeixt
¼ ðT1  T0ÞF00ðyÞ þ T2G00ðyÞeixt  dðT1  T0ÞFðyÞ
 T2dGðyÞeixt ð8Þ
Similarly, the boundary conditions yield
ðT1  T0ÞAðyÞ þ T2BðyÞeiwt ¼ cknðT1  T0ÞAðyÞ
þ cknT2BðyÞeiwt; y ¼ 1
ðT1  T0ÞAðyÞ þ T2BðyÞeiwt ¼ 0 y ¼ 1
ð9Þ
together with the boundary conditions
ðT1  T0ÞFðyÞ þ T2GðyÞeixt ¼ T1  T0 þ T2CosðxtÞ
þ kn
Pr
ððT1  T0ÞF0ðyÞ þ T2G0ðyÞeixtÞ; y ¼ 1
ðT1  T0ÞFðyÞ þ T2GðyÞeixt ¼ T1  T0 þ T2CosðxtÞ; y ¼ 1
ð10Þ
equating orders of eixt, in the steady regime we have
A00ðyÞþ sA0ðyÞ ¼FðyÞ; Að1Þ ¼ cA0ð1Þ; Að1Þ ¼ 0
F00ðyÞþ sPrF0ðyÞ dFðyÞ ¼ 0; Fð1Þ ¼ 1þ kn
Pr
F0ð1Þ; Fð1Þ ¼ 1
ð11Þ
While in the periodic regime, we get
B00ðyÞ þ sB0ðyÞ  iStBðyÞ ¼ GðyÞ; Bð1Þ ¼ cB0ð1Þ;
Bð1Þ ¼ 0
G00ðyÞ þ sPrG0ðyÞ  ðdþ iPrStÞGðyÞ ¼ 0;
Gð1Þ ¼ 1þ kn
Pr
G0ð1Þ; Gð1Þ ¼ 1
ð12Þ
Evidently, in the asymptotic case as c; kn ! 0 the boundary
valued problem (11), (12) reduced to that in [8]. Observe that
Eq. (12) is a generalized form of (11) and as such will give
the same solution as (12) whenever St ¼ 0. Hence, the solution
of the (12) when St – 0 will be sufﬁcient to describe the peri-
odic ﬂuid ﬂow behaviour.
3. Method of solution
The exact solution of the boundary valued problem (12) can be
written asGðyÞ ¼ a1e
m1
2 y þ a2e
m2
2 y
BðyÞ ¼ a3e
m3
2 y þ a4e
m4
2 y  1
n0
a5e
m1
2 y þ a6e
m2
2 y
  ð13Þ
The rate of heat transfer is given by
Nu ¼  @G
@y
¼  a1m1
2
em1y  a2m2
2
em2y ð14Þ
while the shear stress is given by
Sf ¼ @B
@y
¼ a3m3
2
e
m3
2 y þ a4m4
2
e
m4
2 y  1
n0
a5m1
2
e
m1
2 y þ a6m2
2
e
m2
2 y
 
ð15Þ
the constants are all deﬁned in the Appendix.
4. Results and discussion
In this section, variation of parameters are carried out for dif-
ferent values of parameters such as the heat generation/
absorption, temperature jump, suction/injection, Prandtl num-
ber, Knudsen number and Navier slip. To show the accuracy
of the solution, Tables 1 and 2 show the comparison of the
present result with previously obtained result in the literature
in the asymptotic limit. Note that d < 0 is the internal heat
generation while d > 0 implies the heat absorption. Fig. 2
shows the temperature proﬁle at different values of the temper-
ature jump parameter. It is observed from the plot that during
ﬂuid absorption, the temperature proﬁle is decreased with an
increase in the values of the temperature jump parameter kn.
This is due to the fact that the molecular distance of the ﬂuid
increases as kn increases hence heat ﬂux decreases within the
channel.
Figs. 3 and 4, represent the effects of variation of heat gen-
eration/absorption parameter on the temperature proﬁle. The
result shows that as the internal generation parameter
increases there is corresponding rise in the ﬂuid temperature.
This is due to the fall in thermal conductivity of the ﬂuid.
On the other hand if the ﬂuid chemical interaction is endother-
mic then the ﬂuid temperature decreases as seen in Fig. 4. In
Fig. 5, the inﬂuence of ﬂuid suction and injection on the ﬂuid
temperature is shown. From the ﬁgure, one observed that in
the absence of suction/injection the temperature is symmetrical
about the channel half width, further increase in this parame-
ter shows that the temperature increases but the proﬁle is
observed to be skewed towards the wall with suction. How-
ever, a decrease in the ﬂuid temperature is observed in Fig. 6
as the Strouhal number (oscillation parameter) increases. This
is attributed to the reduction in the intensity of heating of the
boundary plates as the frequency of heating increases. In
Fig. 7, it is observed that an increase in the ﬂuid Prandtl num-
ber decreases the ﬂuid temperature. This is due to decrease in
thermal conductivity of the ﬂuid within the micro-channel.
As observed in Fig. 8, the rate of heat transfers at the plate
with suction decreases with increase in the temperature jump
parameter. This is physically true since the ﬂuid–plate interac-
tion at the suction wall decreases. This consequently decreases
the heat ﬂux on the boundary plates as the temperature jump
increases. In Fig. 9, it is observed that an increase in the Navier
slip parameter enhances the ﬂow at the plate with suction this
is due to increased gas–molecule interaction with the suction
wall. On the other hand as observed in Fig. 10, an increase
Table 1 Showing convergence of solution of GðyÞ when c ¼ 0; kn ¼ 0; St ¼ 1 ¼ s ¼ Pr ¼ d.
y Previous result [8] for GðyÞ Present result for GðyÞ Absolute error
1 1 1 4:44089 1016
0.75 0.77398 0.77398 1:11022 1016
0.5 0.648087 0.648087 2:22045 1016
0.25 0.596908 0.596908 1:11022 1016
0 0.602555 0.602555 2:22045 1016
0.25 0.652739 0.652739 5:55112 1016
0.5 0.739168 0.739168 7:77156 1016
0.75 0.856242 0.856242 7:77156 1016
1 1 1 4:44089 1016
Table 2 Showing convergence of solution of BðyÞ when c ¼ 0; kn ¼ 0; St ¼ 1 ¼ s ¼ Pr ¼ d.
y Previous result [8] for BðyÞ Present result for BðyÞ Absolute error
1 2:22045 1016 4:44089 1016 2:22045 1016
0.75 0.141466 0.141466 7:77156 1016
0.5 0.213966 0.213966 2:22045 1016
0.25 0.243139 0.243139 2:22045 1016
0 0.242830 0.242830 1:66533 1016
0.25 0.218953 0.218953 55:55112 1016
0.5 0.172309 0.172309 1:11022 1016
0.75 0.100621 0.100621 7:77156 1016
1 6:66134 1016 2:22045 1016 4:44089 1016
Figure 2 Temperature proﬁle for different values of temperature
jump parameter.
Figure 3 Temperature proﬁle for different values of internal heat
generation parameter.
1048 S.O. Adesanyain the temperature jump is seen to decrease the ﬂuid velocity
close to the suction wall as well as decreasing the ﬂuid temper-
ature maximum. This is physically correct since an increase in
kn implies an increase in the molecular distance in the ﬂuid and
this decreases the ﬂuid temperature as shown in Fig. 2. This in
turn weakens the convection currents and it is expected to
decrease the ﬂuid ﬂow velocity.
While in Fig. 11, increasing the heat generation parameter
is observed to improve the ﬂuid ﬂow. This is due to the phys-
ical fact that temperature within the channel grows with
increase in heat generation parameter (Fig. 3) due to chemical
interaction of the ﬂuid particles and this strengthens the con-
vection currents which consequently increases the ﬂuid velocitywhile the reverse is the case during ﬂuid absorption as shown
in Fig. 12. In Fig. 13, it is observed that an increase in Prandtl
number leads to a decrease in the ﬂow velocity. This is true due
to ﬂuid thickening associated with rise in ﬂuid viscosity as the
Prandtl number increases. As seen in Fig. 14, an increase in
ﬂuid suction/injection increases the ﬂow velocity and the
increase breaks the symmetry in the ﬂow, which is skewed
towards the plate with suction. While in Fig. 15, the effect of
oscillation on the ﬂow velocity is seen to reduce the ﬂow veloc-
ity. Finally, the effect of the velocity slip on the skin friction is
presented in Fig. 16. From the graph it is observed that an
increase in the Navier slip parameter weakens the skin friction
at the suction wall.
Figure 4 Temperature proﬁle for different values of internal heat
absorption parameter.
Figure 5 Temperature proﬁle for different values of wall
injection parameter.
Figure 6 Temperature proﬁle for different values of oscillation
parameter.
Figure 7 Temperature proﬁle for different values of Prandtl
number.
Figure 8 Heat transfer rate for different values of temperature
jump parameter.
Figure 9 Velocity proﬁle for different values of velocity slip
parameter.
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Figure 10 Velocity proﬁle for different values of temperature
jump parameter.
Figure 11 Velocity proﬁle for different values of internal heat
generation parameter.
Figure 12 Velocity proﬁle for different values of internal heat
absorption parameter.
Figure 13 Velocity proﬁle for different values of Prandtl
number.
Figure 14 Velocity proﬁle for different values of wall injection
parameter.
Figure 15 Velocity proﬁle for different values of Strouhal
number.
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Figure 16 Wall shear stress for different values of slip
parameter.
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In this paper, the free convective ﬂow of heat generating/
absorbing ﬂuid through porous vertical micro-channel with
velocity slip and temperature jump is studied. Exact solutions
are obtained for the velocity and temperature proﬁles. The
present result reduced to that obtained in [8] in the absence
of Navier slip and temperature jump. In addition, an increase
in the slip parameter is shown to increase the ﬂow velocity and
decrease the shear stress at the suction wall. Moreover, an
increase in the temperature jump parameter increases the ﬂuid
temperature and decreases the rate of heat transfer at the suc-
tion wall. The result obtained here is signiﬁcant in the cooling
of electronic devices.
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Appendix A
m1 ¼ Pr s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pr2 s2 þ 4i Pr Stþ 4d
p
m2 ¼ Pr sþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pr2 s2 þ 4i Pr Stþ 4d
p
a1 ¼  e
m1
2 ð2Prþ 2em2 Prþ knm2Þ
2em1 Pr 2em2 Prþ em2knm1  em1knm2
a2 ¼  e
m2
2 ð2Prþ 2em2 Prþ knm2Þ
2em1 Prþ 2em2Pr em2knm1 þ em1knm2a3 ¼
4e
1
2ðm1þm2m3Þ em4þ
1
2m2ð2 m1Þ þ em1þ12m2ðm4  2Þ
 
a5 þ
n
n1
a4 ¼ 
4e
1
2ðm1þm2m4Þ ðem1þ12m2ðcm3  2Þ þ em3þ12m2ð2 cm1ÞÞa5 þ e
n
n1a5 ¼ 4 4iSta1 þ 2sa1m2 þ a1m22
 
a6 ¼ 4 2sa2m1 þ a2m21  4iSta2
 
n0 ¼ sþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ 4iSt
p
m1
 
sþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ 4iSt
p
þm1
 
 sþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ 4iSt
p
m2
 
sþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ 4iSt
p
þm2
 
n1 ¼ n0 2em3 þ 2em4  cm3em4 þ cm4em3ð ÞReferences
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